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Weighted norm inequalities for commutators of 
Littlewood-Paley functions related to Schrodinger operators 

Lin Tang 



Abstract Let L = —A + V be a Schrodinger operator, where A is the Laplacian 
["t | . operator on R n , while the nonnegative potential V belongs to certain reverse Holder class. 

In this paper, we establish some weighted norm inequalities for commutators of Littlewood- 
\ Paley functions related to Schrodinger operators. 

1. Introduction 

Q> , In this paper, we consider the Schodinger differential operator 

L = -A + V{x) on R n , n > 3, 

;ential satisfying certain reverse 
We say a nonnegative locally L q integral function V(x) on R n is said to belong to 



where V is a nonnegative potential satisfying certain reverse Holder class 



Bg(l < q < oo) if there exists C > such that the reverse Holder inequality 

/ V q (y)dy] ' <c[— l — f V(y)dy) (1.1) 

JB(x,r) / \\B(x,r)\ JB(x,r) ) 



K/'. /if \ 1/9 

-__ / ^(y)dy . 

C3 I \\B{x,r)\ JB(x,r) J \\B{X,r)\ JB(x,r) 

holds for every x £ R n and < r < oo, where B(x,r) denotes the ball centered at x 
with radius r. In particular, if V is a nonnegative polynomial, then V £ B^. It is worth 
pointing out that the B q class is that, if V £ B q for some q > 1, then there exists e > 0, 
which depends only n and the constant C in (1.1), such that V 6 -B g + e . Throughout this 
paper, we always assume that £ B n /2- 

The study of schrodinger operator L = — A + V recently attracted much attention; 
see [1, 2, 3, 4, 10, 14]. In particular, it should be pointed out that Shen [10] proved the 
Schrodinger type operators, such as V(-A + L) _1 V, V(-A + L)~ 1/2 , (-A + L)" 1 / 2 V 
with V £ B n , (—A + V) 11 with 7 £ R and V £ B n / 2 , are standard C alder on- Zygmund 
operators. 

Recently, Bongioanni, etc, [1] proved L p (R n )(l < p < 00) boundedness for commu- 
tators of Riesz transforms associated with Schrodinger operator with BMO(p) functions 
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which include the class BMO function, and in [2] established the weighted bounded- 
ness for Riesz transforms, fractional integrals and Littlewood-Paley functions associated 
with Schrodinger operator with weight A p p class which includes the Muckenhoupt weight 
class. Very recently, the author [13] established the weighted norm inequalities for some 
Schrodinger type operators, which include Riesz transforms and fractional integrals and 
their commutators. 

In this paper, we will continue to study weighted norm inequalities for commutators 
of Littlewood-Paley functions related to Schrodinger operators. More precisely, we have 
the following results. 

Theorem 1.1. Let 1 < p < oo. If b £ BMO(p) (defined in Section 2), u G 
A? (defined in Section 2), then there exists a constant C such that 

nun <C||6||bmo W II/II IA>(u)- 
where the Littlewood-Paley g function related to Schrodinger operators is defined by 

d 




s(/)W 

and the commutator gj, of g with b G BMO(p) is defined by 
<&(/)(*)= ( I 



±e- tL ((b(x)-b(.))f)(x) 



(1.2) 



tdt . (1.3) 



In addition, we denote g*(f)(x) and <?&(/) (x) in (1.2) and (1.3) if L = A 

The weighted weak-type endpoint estimate for the commutator is the following. 

Theorem 1.2. Let b G BMO(p) and uj G A p x . There exists a constant C > 
such that for any A > 

u({x G M n : \g b f(x)\ > A}) < C ^ (l + Iog+ (^)) «>(x)dx. 

Throughout this paper, we let C denote constants that are independent of the main 
parameters involved but whose value may differ from line to line. By A ~ B, we mean 
that there exists a constant C > 1 such that 1/C < A/B < C. 

2. Preliminaries 

We first recall some notation. Given B = B(x,r) and A > 0, we will write XB for 
the A-dilate ball, which is the ball with the same center x and with radius Ar. Similarly, 
Q(x,r) denotes the cube centered at x with the sidelength r (here and below only cubes 
with sides parallel to the coordinate axes are considered), and XQ(x, r) = Q(x, Ar). Given 
a Lebesgue measurable set E and a weight cu, \E\ will denote the Lebesgue measure of E 
and u{E) = J E udx. ||/||lp( w ) will denote (/ R „ \f(y)\ p u(y)dy) 1 / p for < p < oo. 
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The function my(x) is denned by 

p{x) = — y-r = sup J r : —2 / < 1 \ ■ 

m V {x) r >0 I r n 1 JB(x,r) J 

Obviously, < my(x) < oo if V ^ 0. In particular, my(x) = 1 with V = 1 and 
my(i) ~ (1 + |x|) with V = \x\ 2 . 

Lemma 2.1([10]). There exists Iq > and Co > lsuch that 

_L (1 + | X _ y|my(*))- i0 < < Co (1 + |x - y|m y (x))^° +1 ) . 

In particular, mv{x) ~ rnv(y) if \% — y\ < C/my(x). 

In this paper, we write *&(B) = {\ + rmy{B)) e where my(B) = ^ J B my(x)dx and 6 > 0, 
and r denotes the radius of B. 
Obviously, 

tf(-B) < ¥(2J3) < 2°^{B). (2.1) 

A weight will always mean a positive function which is locally integrable. As [2], we 
say that a weight oj belongs to the class A p v for 1 < p < oo, if there is a constant C such 
that for all ball B = B(x, r) 

( , 1 i i / u(y)dy) ( , 1 i i / oj-^(y)dyY < C. 
\V(B)\B\ Jb y ' ) \V{B)\B\ Jb V ' J 

We also say that a nonnegative function oj satisfies the A p x condition if there exists a 
constant C for all balls B 

M v {uj){x) < Cuj(x), a.e. x G R n . 

where ^ 

M y /(x) = sup— — - T / \f(y)\dy. 
xeB ^{B)\B\ Jb 

When V = 0, we denote M f(x) by Mf(x)( the standard Hardy-Littlewood maximal 
function). It is easy to see that \f(x)\ < Myf(x) < Mf{x) for a.e. x G R n . 

We denote = U p >i A?. Since *(-B) > 1, obviously, A p C A£ for 1 < p < oo, 
where .A£ denote the classical Muckenhoupt weights; see [6] and [7]. We will see that 
A p CC A p v for 1 < p < oo in some cases. In fact, let 8 > and < 7 < 0, it is easy 
to check that oj(x) = (1 + |x|) _(n+7 ) Ax, and uj(x)dx is not a doubling measure, but 
w(x) = (1 + \x\)~ {n+ ^ e A{ provided that V = 1 and *(£(z , r)) = (1 + r) 9 . 

From the definition of A? for 1 < p < 00, it is easy to see that 

Lemma 2.2. Let 1 < p < 00. Then 
(i) If 1 < Pl < p 2 < 00, then M c A£ 2 . 
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(ii) uj G AP if and only if uj p- 1 6 A' } pl , where l/p + 1/p' = 1. 
Bongioanni, etc, [1] introduce a new space BMO(p) denned by 

\\f\\BMO( P )= sup 1 f \f{x) -f B \dx < 00, 
Bet" JB 

where /s = hfWv and = (! + r /p( x o)f, B = B(x ,r) and 9 > 0. 

In particularly, Bongioanni, etc, [1] proved the following result for BMO(p). 



Lemma 2.3. Let 9 > and 1 < s < oo. IfbE BMO(p), then 

^J B \b-b B \*) 1/s <c e , s \\b\\ BMO{p) + 

/or a// i? = B(x, r), wi/t x G M" and r > 0, w/iere 6>' = (Z + 1)6>. 

Obviously, the classical BMO is properly contained in BMO(p); more examples see 

[!]■ 

From Lemma 2.3, the author [13] proved the John-Nireberg inequality for BMO(p). 

Proposition 2.1. Suppose that f is in BMO(p). There exist positive constants 
7 and C such that 

sup IRI / exp 1 TTTii 7 \T/ mJ ^W - /b| U<C, 

-B |-d| 7b {\\j\\BMO(p)^e'{B) J 

w/iere / B = ^f B f(y)dy and V e ,(B) = (1 + r/p(x )f, B = B(x ,r) and 9' = (l + 1)0. 

We remark that balls can be replaced by cubes in definitions of A?, BMO(p) and 
My by (2.1). 

The dyadic maximal operator My f{x) is defined by 

M$f{x):= sup f \f(x)\dx. 

xeQ(dyadic cube) ^IVJIVI •> Q 

The dyadic sharp maximal operator M v f{x) is defined by 

M v f{x):= sup — [ \f(y)-f Q \dy+ sup , n \ |n| / \f\dy 

xeQ,r<p(x ) \Q\ JQx xeQ,r>p(x ) JQx 

- sup '^jh I \f(y)- c \ d y+ su p X T,/n\\n\ I \f\ dx 

xeQ,r<p(x ) C \Q\ JQx xeQ,r>p(x ) ^{Q)\Q\ JQx 

where Q XQ denotes dyadic cubes Q(xo,r) and /q = j^j Jq f{x)dx. 

A variant of dyadic maximal operator and dyadic sharp maximal operator 

M^ v f{x) = M^{\f\ & fl\x) 

and 

Ml v f(x) = M v (\f\ s ) 1 /\x), 

which will become the main tool in our scheme. 

In [13], the author proved the following Lemmas. 
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Theorem 2.1. Let u G A^. Then there exist constant C,S such that for a 
locally integrable function f, and for b and 7 positive 7 < b < b$ = (8nCo)~( lo+2 ^ a , we 
have the following inequality 

oj({x G R n : Myf{x) > A, M v f(x) < 7A}) < Ca 5l u({x G R n : Myf(x) > b\}) (2.1) 

for all A > ; where a = 2 n 7 /(l - £). 

As a consequence of Theorem 2.1, we have the following result. 

Corollary 2.1. Lei < p, 5 < 00 and a; G A^. There exists a positive constant 
C such that 

f M* v f(xyu>(x)dx < C [ Ml v f{xYuj{x)dx. 

Let tp : (0, 00) — > (0, 00) be a doubling function. Then there exists a positive constant C 
such that 

su P (^(A)w({x G R n : M* v f(x) > A}) < C sup <p{X)uj({x G M n : Afjj v /(x) > A}) 

A>0 ' A>0 

for any smooth function f for which the left handside is finite. 

Proposition 2.2([13]). Let 1 < p < 00 and suppose that oj G A p . Ifp < pi < oo, 

then the equality 

f \M v f(x)\ Pl oj(x)dx <C P f \f(x)\ Pl uj(x)dx. 

Further, let 1 < p < 00, oj G A p v if and only if 

oj({x G R n : M v f(x) > A}) < % / 

From proposition 4.1, we know that My may be not bounded on L p {oj) for all oj £ A p and 
1 < p < 00. We now need to define a variant maximal operator My^ for < r] < 00 as 
follows 

M^/(x) = sup mB ) )vlB J B \m\dy. 

Theorem 2.2([13]). Let 1 < p < oo, p' = p/(p — 1) and suppose that oj G 
There exists a constant C > suc/i i/iat 

l|Myy/|| LPH < C||/|| LPH . 

We next recall some basic definitions and facts about Orlicz spaces, referring to [9] 
for a complete account. 

A function B(t) : [0, 00) — > [0, 00) is called a Young function if it is continuous, 
convex, increasing and satisfies <3?(0) = and B — > 00 as t — > 00. If B is a Young function, 
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we define the I?-average of a function / over a cube Q by means of the following Luxemberg 
norm: 

||/| ke = i„f{A>0:^/^(^M)*<l] 
If A, B and C are Young functions such that 

A^^B- 1 ^) < C~\t), 
where A^ 1 is the complementary Young function associated to A, then 

\\fg\\CR < 2\\f\\A,R\\9\\B,R. 

The examples to be considered in our study will be A' 1 (t) = log(l+t), B~ l {t) =t/log(e+ 
t) and C -1 (i) = t. Then A(t) ~ e* and B(t) ~ tlog(e + t), which gives the generalized 
Holder's inequality 

101 J \fg I d y < II/IU.qIIs'IIb.o 

holds. For these example and using Theorem 2.1, if b G BMO(p) and 6q denotes its 
average on the cube Q, then 

||(6-6o)/*fl'(Q)||« BP L,o<C||6|| BMOW . 

where & = (1 + 

And we define the corresponding maximal function 

M B f(x)= sup ||/|| B)0 
Q-.xeQ 

and 

%/(»)= sup *(Q)- 1 ||/||b,q. 

3. Some Lemmas 

Bongioanni, etc, [2] proved the following result. 

Lemma 3.1. Let gf oc (f)(x) = g*{fXB[x, P {x))){x)- Let 1 < p < oo and suppose 
that lo G AP. Then 



f \gt c (f){x)\^{x)dx<C f \f{x)foo{x)dx. 



Furthermore, suppose that uj G A p x . Then, there exists a constant C such that for all A > 
lo({x G R» : > A}) < y / |/(x)|w(ar)dx. 



Weighted norm inequalities for commutators 



7 



Lemma 3.2. Let b G BMO(p), and (l + 1) < rj < oo. Set g* locfi {f)(x) = 
g*({b(x) - b{-))fx B {xA*)))( x )- Let < 25 < e < l > then 

Ml(gl c , b (f))(x)<C\\b\\ BMO(p) (M^ a.e x G M™, (3.1) 

holds for any f G Cg°(R n ). 

Proof. We fix x G R n and let x G Q = Q(a?o, r) (dyadic cube). To prove (3.1), we consider 
two cases about r, that is, r < p(xo) and r > p(xo). 

Case 1. when r < p(xo). Decompose f = fi + /2, where /i = /Xq ; where Q = 
Q(xo, 4- v /nr). Let A be a constant and Cq a constant to be fixed along the proof. Since 
< S < 1, we then have 



1/8 

1/5 



<C^J Q \(b(y)-X)gt c f(y)\ s d y y 

+C^J Q \gU(b-X)f 1 )(y)\ s d y y /5 
+C J q \gUiP ~ A)/ 2 )(y) - C | 5 dyj 

■-I + II + III. 

To deal with /, we first fix A = bg, the average of b on Q. Then for any 1 < 7 < e/<5, note 
that my(x) ~ my(xo) for any x G an d ^(Q) ~ 1, by Lemma 2.3, we then obtain 



(3.2) 



^ c (M/o |6(y) -^ |57 ' dy ) 7 (M/« bL(/)(y)|57dy 

<C||6|| i?MO(p) M^(< 7 f oc (/))(x), 



where 1/7' + I/7 = 1. 

For II, note that my(x) ~ my(xo) for any x G Q and ^(Q) ~ 1, by Kolmogorov's 
inequality and and Proposition 2.1 and Lemma 3.1, we then have 

II<^\\g{{b-b Q )h)\\ L ^ 

<^j Q \{b-b Q )f(y)\dy (3-3) 

< CM LlogLy , v f(x). 
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For III, we first fix the value of Cq by taking Cq = <7/* oc ((6 — &g)/2)(yo) with yo £ Q. Let 
^Qk = ^ ) Q(x (h 2 k + 1 r)- By Proposition 2.1, we then obtain 



II < j^j- J \ 9 U(b - b Q )f 2 )(y) - gt oc ((b - b Q )f 2 )(y )\ dy 



< 



< 



< 



< 



< 



C_ 

\q\Jq 

c_ 

W\ 

c_ 

W\ 
c_ 

W\ 
c_ 

W\ 



(t- n/2 \y-y \/Vt) 



\J2r<\z— xo\<cp(xo) 



dz tdt 



\J2r<\z— xo\<cp(xo) 



1/(^)116(^-6, 



rt 



Ql (t + \z-x \) n + 2dZ ) t 



1/2" 



1/2 



dy 



dy 



2r<\z— xo\<cp(xo) 



r\f(z)\\b(z)-b, 



o (t+|z-x |) 2 (™+ 2 ) 



1/2 ■ 

dt I dz 



dy 



2r<\z— xo\<cp(xo) 
E ( 2 fc r )n 4_ X0 |< 2fc+ 



r|/(z)||6(z)-6 ||z-x r (n+1) ^ 



1 1^)116(^-6^1^ 



dy 



< C , ||6|| B MO(p)-Ml,logL,V 1 T/(/)(^), 



(3-4) 

where the integer fco satisfies 2 fc °r < cp(xo) < 2 fco+1 and c = Con2' 0+4 . 

Case 2. When r > p(xo)- Decompose / = /i + /2, where /i = fxQ, where 
Q = Q(x , C 2 lo+4 i/Er). Since < 26 < e < 1, so a = n/5 and e/J > 2, then 



*(^(M/ l! "- t(/))/(!,)|id! ') 



1/5 



< 



1 



< c 



^{QY \\Q\ Jq 
i / i 



*(Q) a VIQI Jq 
+C- 1 fl 



\(Hy) - x)gl c (f)(y)+9U(b-X)f)(y)\ d dy 

\(b(y)-\)gl c (f))(y)\ d dy~ 



1/5 



nQrv\Q\h l3Uib - x,hmdy ) 

I + 11 + III. 



s 1/5 



1/5 



To deal with /, we first fix A = 6q, the average of b on Q. Then for any 2 < 7 < e/5, note 
that Iq + 1 < 77, by Lemma 2.3, we then have 



/< C 



1 



1 



|6(y)-6 |^'dy 



l/(r'<5) 



X ^ (g) a-,/(2«5) U(Q)1Q| J Q l9locU)ml 
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< C\\b\\ BMO{p) M*(gl c (f))f)(x), (3-5) 

where 1/7' + 1/7 = 1. 

For II, we recall that g\ oc is weak type (1,1) by Lemma 3.1. By Kolmogorov's 
inequality and Proposition 2.1, we then have 

n <^a^hU{b-b Q )h)\\L^ 

<-^l^ L\(b-ba)f(y)\dy (3-6) 



^(Q) a \Q\ JQ 
< CM LlogLy<ri f(x). 

Finally, for III, notice that B(y,p(y)) C Q(xq, Co2' 0+4 v / nr) for any y G Q, then III = 0. 
From (3.2)-(3.6), we get (3.1). Hence the proof is finished. □ 
We next consider several maximal operators, which play an important role in this 

paper. 

M v „/(x) = sup mB ) )m j B 1/(9)1 dy, 



and their commutators 



M,/„ f (x) = sup , - . — . 
V ' r < K ' xeB (*(B)y 



B\ 



\b(x)-b(y)\\f(y)\dy, 



M^m = f> p (1+e ^ (Xi6)))e J R , - m\m\*u, 

where ^(B(x,e)) = J B ( x , e ) P(y)~ ld V 

Obviously, we have 

M^f(x) < CM^f(x), (3.7) 

where 7/ = (Z + 1)?? and r/ > 0. 

Lemma 3.3. Zei 6 G BMO(p), and (Z + 1)(1 + 1/0) < ^ < 00, 771 = (Z + 1)77 
and 772 = (Z + l)?7i(l + 1/0)- Let0<25 <e<l, then 

Mlv^v, m (f))( x ) < C\\b\\ BMO(p) (M^(M v , V2 (f))(x) + M LlogL>ViV (f)(x)), a.e x G R", 

(3.9) 

holds for any f £C^(R n ). 

Proof. We fix x G K n and let x G Q = Q(xo, r) (dyadic cube). To prove (3.9), we consider 
two cases about r, that is, r < p(xq) and r > p(xo). 

Case 1. when r < p(xo). Decompose / = /1 + /2, where /1 = /xqi where Q = 
Q(xo, A-^/nr). Let A be a constant and Cq a constant to be fixed along the proof. Since 
< 5 < 1, we then have 
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Wjj \ M v, m U)(v)\ 5 -\ C Q\ 5 \ d v) 



1/5 



s(^/ Q K.(/)W-^i s *) 1/4 



l 

.101 Iq 
■-I + II + ill. 



+c 
+c 



\{b{y)-\)M v , m {f){y)\ b dy) 



\M Vm {{b-\)h){y)\ 5 dy 



sl/8 



1/5 



\M Vm {{b-X)h){y)-C Q \ d dy) 



x 1/5 



To deal with /, we first fix A = 6q, the average of b on Q. Then for any 1 < 7 < e/S, note 
that my(x) ~ mv(xo) for any x £ Q and ^(Q) ~ 1, by Proposition 2.1, we then obtain 



< C||6|| BMO{p) M ^r,{ M V,r) 2 (/))(»)> 



57 



(3.10) 



where 1/7' + I/7 = 1. 

For II, note that my(x) ~ my(xo) for any x £ Q and ^(Q) ~ 1, by Kolmogorov's 
inequality and Theorem 2.1, by the weak (1,1) of My fl2 , we then have 



II<^\\M v , m {(b-b Q )h)\\ L ,, 



< 



C_ 

W\ 



\(b-b Q )f(y)\dy 



(3.11) 



< C\\b\\ BMO{p) M L \ ogL y. q f{3 



For III, we fix the value of Cq by taking Cq = My m ((b — &q)/2))(|/o) for some yo € Q. 
We now estimate E := \Mv, v {(b — bq)f2)(y) — Cq\ for any y G Q. 



E = 



1 



e>o '(l + 6^(^(^0,6)))^ 7 R „ 
1 

+ eij(B(y, e)))^ 



+ sup 

e>0 



e - v9( ^)|6( z )_6 || /2 ( z) | d , 



e->(^) - )||6( z ) - & ||/ 2 (z)|clz 



(1 + eiP(B(y , e)))*» (1 + e^(B(z, e)))^ 



yo- z 



)\b(z)-b Q \\f 2 (z)\dz 
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+ sup 



(1 + e^(B(y , e)))^ 2 (1 + e^(B(j/, e)))*» 



/ e -n^^_y_ )Hz) _ h mz) \ dz 

JR n € 



£>r ^ + pM-* A<| z -2/|<8£ e 
+Csupe|V'(5(yo,e))-V'(5(y,e))| 



1 

+ 



(l + e^5(i/o ie )))^ (l + €^(5(y,e)))^ 

x f e -n v{ y^ )m _ h \\ h{z) \ dz 

£>r + Jr<\z-y\<8e £ 

+CsupMy)- 1 ) | o+^- * / e-^{^)Wz)-b Q \\h{z)\dz 

e>r e _|_ e/p(y)) m ( + » > «" e 

< C £ / e-^|6(z)-fe ||/(z)|dz 
+Csup- 1—— I e- n -\b(z)-b \\f(z)\dz 

e>r (l + e/ P (y)) 6 ^ J r <\z-y\<8e e' W 9 " JUI 

M^)]+i r 

fc=1 U + ^jJ J| 2 -y|<2 fc r 

<sup V ^— / \b(z)-b \\f(z)\dz 

[ln(f )]+l 

<SUp -k\\b\\BMO(p)M L logL,V,r 1 f{x) 
e>r k=l 6 

< C\\b\\ BMO ( p )M LlogL y tV f(x). 
Hence, 

HI < C\\b\\ BMO{p) M LlogL y yV f(x). (3.12) 
Case 2. when r > p(xo). Let fi, fi be above. We then have 

+C (± J \M VtVa ((b - X)fi)(y)\ S dy^j 
+C (± J \M Vm {{b - X)h){y)\ S dy^j 
■-h+Ih+IIh. 

To deal with Ii, we first fix A = bq, the average of b on Q. Then for any 2 < 7 < e/5, by 
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Lemma 2.3, we then obtain that 

l / l r s , \ x /( r ' 5 ) 

(«/ e '^(/»fe)l < '*) 1/<^7, <3J3) 

<C\\b\\ BMO{f) M*(M Vm (f))(x), 

where 1/7' + 1/7 = 1. 

For Hi, by Kolmogorov's inequality and Proposition 2.1, by the weak (1,1) of My m , 
we then have 

Ih< ^\\My m {{b-b Q )h)\\ L ^ 

- W\lQ l{b ~ bQ)fiy)ldy (3 ' 14) 
< C\\b\\ BMO ( p )M L i ogL y jri f(x). 

For IIIi, we have for any y G Q, 

1 r _- n ._,v-z 



My m ((b - b Q )h){y) = sup (J + ^ 



e"V(- )|&(*)-6q||/ 2 (z)|^ 

i" e 



<^p / , , e~ n \b(y)-b Q \\f(y)\dy 

e>r + J®)> € Jr<\z-x\<8e 

<su P e C x eao+ i )t? 7 / , , e- n |6(y)-6 ||/(y)|^ 

e>r + 6 Jr<\z-x\<8e 

< C\\b\\ BMO (p)M L i ogL y iV f(x). 

(3.15) 

From (3.10)-(3.15), we get (3.9). Hence the proof is finished. □ 

Lemma 3.4. Let 2 < 77 < 00, uj G A{ and B(t) = tlog(e + t). Then there exists 
a constant C > such that for all t > 

u({x G R n : M By ^f{x) > t}) < C f B f\Ii^A\ u (x)dx. (3.16) 

Proof. Let K be any compact subset in {x G R n : Mn og L jifijV (f)(x) > A}). For any x G 
if, by a standard covering lemma, it is possible to choose cubes Qi, ■ ■ ■ , Q m with pairwise 
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disjoint interiors such that K C Uj=i 3Qj and with ||/||LiogL,^,Qj > A, j = 1, • • • , m. This 
implies 

*«3,mi</ 0j !^(i + iog + (i^ 1 ))*. 

From this, by (vi) in Lemma 2.1 with p = 1 and E = Q, we obtain that 
w(3Qj) < CV{Qj)u{Qj) 

= c*(Q j ) 2 \Q i \ u{Qj) 



*(Qi))\Q. 



<(7mfc^ 

Thus, (3.16) holds, hence, the proof is complete. □ 
Finally, the author [13] proved the following result. 

Lemma 3.5. Let < r\ < oo and My^i^f be locally integral. Then there exist 
positive constants C\ and C 2 independent of f and x such that 

dM v ^M v ^ +l f{x) < M LXogL y, q+l f{x) < C 2 M Vt1]/2 M Vj1]/2 f(x). 

4. Proof of some theorems 

Proof of Theorem 1.1. We adapt a similar argument of Theorem 5 in [2]. As before, we 
define 

9loc,b(f)( X ) = 9((K X ) ~ K-))fXB(x, P {x))){x), g 9 iob,b(f)( x ) = 9((K X ) ~ K-))fXBc{x,p(x))){ x )- 
Thus 

\\9b(f)\\LP(u) < \\9loc,b(f)\\LP(u) + \\9glob,b(f)\\LP(u)- 

We start with g g i b t b- Denoting by qt the kernel of ^e~ tL , from (2.7) of [4], for any N > 0, 
we have 

1 / \i „ /_, t t \ \x-y\ 2 

Hence, 

/ q t (x, y){b{x) - b{y))f(y)dy 

J\x-y\>p(x) 

/ \ —N f \x—v\ 2 

< Cr»/a-i (l + ^) / e -^|6(x)-6( y )||/(y)|dy 

iv f \b(x)-b(y)\\f(y)\ 
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< C- 



1 + 



P (x) M - n \ P (xf) ^2*^2* p(x)\ n J\x-y\<2*p(x) 



\b{x)-b{y)\\f{y)\dy 



< C 



Then, 

<W/)0«0 < CM v J(x) 



o Vp(a;) 2 



Af-r 



1 + 



p(xf 



-2N 



dt 



1/2 



< 



CMyJ( X ). 



Choose M and iV such that M — n > 9rj and 2iV > M — n. Therefore, the estimates for 
9glob,b follow from those for My f(x) by Lemmas 3.3 and 3.5. 
To deal with gi oc ^ we write 

gioc,b(f)(x) < I(x) + gt C:b (f)(x) + II(x), (4.2) 

where 9i oc i,(f)(x) is defined in Lemma 3.2, 

2 \ V2 



I(x) 



\x-y\<p(x) 



[qt(x,y) - q t (x,y)](b(x) - b(y))f(y)dy 



where q t is the kernel of 4e tA , and 



II{x) 



p(x) 



\x-y\<p(x) 



q t (x,y)(b(x) - b(y))f(y)dy 



tdt 



1/2 



tdt 



For II(x), by (4.1) with N = 1/2, 



II{x) < C 



< C 



p(x) 2 V t 



p{x) 



[ r n / 2 e-^\b(x)-b{y)\\f{y)\dy 
J\x— y\<p(x) 



p(x) 



lp{x)Z V t 

< CMyJ(x) 

< CMyJ( X ). 



\x-y\<p(x) 

p(x) 
p(x 



1/2 



p(x)l V t J J 



\x-y\<p(x) 
2 \ 1/2 

dt) 



\b(x)-b(y)\\f(y)\dy 



tdt 

1/2 



tdt 



(4.3) 



For I{x), adapting the same argument of pages 578-579 in [2], we obtain for some 5 > 
and e > 



I(x) < C 



< C 



P(-) 2 / s/i 



p(x) 



\x-y\<p(x) 



t- n l 2 e-^\b{x)-b(y)\\f{y)\dy 



2 , \ V2 

dt 



rp( x ) 2 ( y/t \ r 

Jo V p(x) ) J v 



t- n / 2 e-*^\b(x) -b(y)\\f(y)\dy 



\*-y\ 



+c 



Jo V p(x) I Jk 



Vt<\x-y\<p(x) 

t- n ' 2 e-^\b(x)-b{y)\\f{y)\dy 



2 \ V2 

dt 



l\x-y\<Vt 



2 , \ I/ 2 

dt 
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< C 



+c 



L 



P{x), 



[log 2 (p(x)/Vi)]+l 

E 

k=l 



\b(x)-b(y)\\f(y)\ 



p(*) 2 ( Vt 



p{x) 



Vi<\x-y\<p(x) \x-y\ n 

f t- n l 2 \b{x)-b{y)\\f{y)\dy 
J\x-y\<Vt 



dy 



1/2 



dt 
T 



2 , \ V2 

dt 



L 



+c 



p(-) 2 (Vt_Ydt 
o \p(x) t 



< C I / I I {[\og 2 (p(x)/Vt)} + l) 2 ^ | Ai* „/(*) 

5 . \ V2 



1/2 



< CM^f(x). 



(4.4) 

From (4.2), (4.3) and (4.4), we can obtain the desired result by Lemmas 3.2, 3.3, 3.5 and 
Theorem 2.2. □ 

Proof Theorem 1.2. By (4.1)-(4.4) and using Lemmas 3.2, 3.3, 3.4, 3.5 and Propo- 
sition 2.2, by adapting an argument in [8], we can obtain the desired result. □ 
Finally, we consider the maximal operator of the diffusion semi-group 

T*f(x) = sup e' tL f(x) = sup / k t (x, y)f{y)dy, 

and it's commutator 

tt/W = S u Pe --/(x) - su P / M *,, )(tw - mmy)iv , 

where kt is the kernel of the operator e~ tL , t > 0. 

Theorem 4.1. Let b £ BMO(p) and T b */ 6e as afroue. 
(%) If 1 < p < oo, a; G then there exists a constant C such that 

\\ T b f\\hP(u>) < C\\b\\ BM0 ^\\f\\ L p^y 

(ii) If oj G A^, then there exists a constant C > snc/i that for any A > 

u({x G K" : |T 6 */(x)| > A}) < cj^ ^ + io g + (^)) w(x)dx. 

Proof. We first recall the kernel fej has the following property (see [4]) 
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Then 

\T b *f(x)\ < sup / k t (x,y)\(b(x)-b(y))f(y)\dy 

< sup / k t (x,y)\(b(x) - b(y))f(y)\dy 

t>0 J\x-y\<p(x) 

+ sup / k t (x,y)\{b{x) -b(y))f(y)\dy 

t>0 J\x-y\>p(x) 

:= I(x)+II(x). 
For I(x), by (4.5), we then have 



I(x)< sup / k t (x,y)\(b(x)-b(y))f(y)\dy 
o<Vt< P (x) J \ x ~y\<vt 



+ sup / k t (x,y)\{b(x) -b(y))f(y)\dy 

0<Vi<p(x) J vt<\x-y\<p(x) 



+ sup 

^/t>p(x) J \ x -y\<p( x ) 



( k t (x,y)\(b(x)-b(y))f(y)\dy 
J\ x ~y\<p( x ) 

<C sup / r n /\b{x)-b{y))f{y)\dy 
o<Vi<p(x) J \ x -y\<vt 

+C sup f Vt\x- y \^ n+1 \(b(x)-b(y))f(y)\dy 

0<Vt<p(x) J Vt<\x-y\<p(x) 

+ sup p{x)- n [ \(b(x)-b(y))f(y)\dy 

^/+->„(<r\ J\x-y\<p(x) 



(4.6) 



Vt>p(x) J\x-y\<p(x) 

< CM^f(x). 
For II(x), by (4.5) again, we then obtain that 



II(x) < supt-"/ 2 (l + ^L) ( e"^#|(6(x) - b(y))f(y)\dy 

0<t \ P(x) / J\x-y\>o(x) 



0<t \ P{x) J J\x-y\>p(x) 

/ r \ M-n / r \ -AT 

< sup ^ 



0<t 



p(x)y ^ p(x) J , 4 _ ? v 

oo 2-k(M-n-6r)) r 



X 



< CM^ v f(x), 
if N > M > n + 8n. 

Thus, by (4.6) and (4.7), and using Lemmas 3.3, 3.4, 3.5, Theorem 2.2 and Propo- 
sition 2.2, we can obtain the desired result. □ 

We remark that in fact all results in this section also hold for BMOe 1 (/>) and A^ 2 
if 0i + e 2 . 
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